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Abstract 
Vinarek, J., Simultaneous representations of groups, Discrete Mathematics 108 (1992) 
211-216. 
For any finite sequence of groups G,, c C, E . . E G, there exists an undirected graph (V, E) 
such that for every i = 0, 1, , n, G, is isomorphic to the automorphism group Aut(V, t’E) 
(where t”E = E, t’E = E U EoE = I?‘), I’+‘/? = t(t’E) = l?‘)) and moreover, (V, t”+‘E) is 
complete. 
1. Introduction 
According to [2] and [4], every group is isomorphic to the group of all 
automorphisms of a graph. We are going to present here a simultaneous version 
of this assertion, viz. for a finite sequence of groups G,, E G, E . . . G G, construct 
a graph H = (V, E) such that G,, is isomorphic to the group Aut(V, E) of all 
automorphisms of (V, E) and G, is isomorphic to the group Aut(V, t’E) where 
t”E = E, tE=EUEoE=E”‘, 
t’+‘E = t(t’E) = E(2’+9+ 
For a graph M = (V, E), M W) = (V, E”“) is the graph defined by [x, y] E Eck) iff 
1~ &(x, y) s k where dM(x, y) is the distance of x and y in M. According to [l], 
Mck) is called the kth power of M. For any u E V denote by deg,(v) the degree of 
v in M. 
Recall that for directed graphs Trnkova proved in [5] that for every sequence 
of monoids MO E Ml E . . . there exists a directed graph (X, R) such that Mj is 
isomorphic to the monoid of all endomorphisms of (X, t’R) where t’R is defined 
similarly as in the undirected case. Nevertheless, the similar problem for 
undirected graphs is still open through NeSetCl and Sekanina obtained some 
results about universality of powers of graphs (see [l, 31). 
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In this paper all the graphs are undirected without loops and multiple edges. 
I am indebted to V. Trnkova for valuable advice and to J. Kratochvil for 
reading and remarks on the text. 
2. The Main Theorem 
Theorem 2.1 (Main Theorem). For any finite sequence of groups G, E G, E . . . E 
G,, there exists a graph H such that G, = Aut H(*‘) for i = 0, 1, . . . , n, and H(‘“+‘) is 
complete. 
According to [5], it suffices to prove the following. 
Theorem 2.2. For any finite sequence of binary relations R. s RI s . . . G R, E 
X x X there exists a graph H such that H(2”t’) is complete and Aut H(*‘) = 
Aut(X, R;, . . . , R,) for i = 0, 1, . . . , n (where Aut(X, Ri, . . . , R,) is the set 
of all the bijections f : X -X such that (x, y) E Rj iff (f(x), f (y)) E Rj for 
j=i,. . . , n). 
Construction 2.3. Choose a nonnegative integer nl > 22n+3, put n2 = 2n, and 
construct the following graphs: 
(a) G = (Q, F) is the cycle of length 4n,. Choose vertices x, y, b, a E Q such 
that d&.x, y) = d&y, b) = dG(b, a) = dc;(a, x) = nl, see Fig. 1. 
(b) H, = (W, I$) for i = 0, . . . , n is the graph depicted in Fig. 2, with 
&,(a’, aO) = nl, &,(b’, b,) = n2, [a,, b,] E 8 CJ 2’ 1 j. 
It holds that 
[a,, bp] E Fi2k’ e 1 j -pi < 2k & (3r)[min(j, p) - 2k-1 
+Ij-plD<r<max(j,p) 
+2k-‘-Ij-p(/2 &2’1r]. 




Simultaneous representations of groups 213 
t- b\ ” / 
“2 
bo b, bj b, n+l 
Fig. 2. 
Hence, [u,~, b2 1 E pi -(‘*) - F$i for k = 0, 1, . . . , i + 1. Further, 
[a,, b,] E F;““” e lj -pi < 2i+2 e [ai, b,] E FjT;? 
Therefore, F(2’+Z) = Fj$*‘. 
(C) Ki = (u, 4) is a graph constructed by glueing vertices u’, b’ of H,, to 
vertices a, b of G, i.e., U = Q U W - {a’, b’}. By (b), one can check easily that 
Di”*‘# D$i for k = 0 1 . . 7 i + 1 Dj2’+‘) = Dam;“. 
(d) L = (X’, D) is ;he graph constructed as follows: Let R(, z R, s . . . c R, E 
X x X be the sequence of binary relations from Theorem 2.2. For any arrow 
e = (p, 4) E Ri - Ri_1 (where R-I = 0) glue vertices p, q to the vertices x, y of a 
copy of graph K,. More precisely, 
where 
[u, w] E E,(e) iff u = (U, e), w = (W, e), [U, W] E 0, 
ore = (u, q), w = (W, e), [x, w] E D, 
ore = (p, w), u = (U, e), [U, y] E 0,. 
(e) H = (V, E) where V = X’ x 2”+l U {v}, 
E’ = {[(u, 0), (u’, 011; [u, ~‘1 ED) 
U {[(cd, j), (u, j + l)]; f.4 E X’, 0 S j G 2”+’ - l} 
u {[(U, 2”+l- l), v]; L4 E U}, 
and E = E’ tJ E’ o E’ = E’c2), i.e., H is obtained from L by adding a new vertex v, 
connecting it with all vertices of L by paths of a length 2”+’ and finally by adding 
compositions of pairs of consecutive edges. 
3. Proof of Theorem 2.2 
We are going to prove that the graph H = (V, E) from Construction 2.3(e) 
satisfies the conditions required. 
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(3.1) Denote by Ak = H(2L) = (V, tkE), deg.+ = deg. 
If u E Q, e = (p, q) E R; - RI-,, (u, e) E X’, 
min{d,,(u, a), dK,(u, b), d,,(u) x), d,,(u, Y>> >Zk+‘, 
then 
deg((u, e), 0) = 2k+’ + 2(2k+’ + (2k+’ - 1) + . . . + 1) = 22k+2 + 2k+2. 
We have 
deg((a, e), 0) = deg((b, e), 0) = 2k+’ + 3(2kf’ + (2k+’ - 1) + . . . + 1) 
=3.2=+‘+5.2k. 
Further, 
deg((a,‘, e), 0) = deg((b,,, e), 0) = 2k” + 3 . 2k+’ + 4((2k+’ - 1) + . . . + 1) 
= 22k+’ + 2k+2. 
For u E U, e E R, - Riel, max{d,,(u, x), dK,(u, y)} > 2k+‘, 
it holds that 
2 2k+2 + 2kf2 d deg((u, e), 0) d 22kf” + 2k+2 < card X; 
deg((u, e), 1) d deg((u, e), 0) + 1 - 2. 2kc’ = deg((u, e), 0) - 2k+2 + 1, 
deg((u, e), 2) c deg((u, e), 1) - 2. (2kt’ - 1) + 1, etc. 
Denote by N the cardinality of X’. If N is finite then deg(v) = N. 2k+‘, 
deg((u, e), 2”+’ - 1) 2 2kf’ + 1 + (N - 1) . (2kt’ - l), 
deg((u, e), 2”+’ - 2) 2 2kf’ + 2 + (N - 1)(2k+’ - 2), . . , , 
deg((u, e), 2”+’ - 2kt’ + 1) 3 2kf’ + (2k+’ - 1) + (N - 1) 
= 2kf2 + N - 2. 
Lemma 3.2. Any automorphism h of Ki is the identity. 
Proof. There is {h(u), h(b)} = {a, b}, G is the only 4n,-cycle in K, and the cycle 
a... . . b . b. . . . a,, . . . a is the only (4nl + 1)-cycle in K,. Using this fact, one can 
check that h is an identity, i.e., K, is rigid. 0 
Lemma 3.3. Let f : V+ V be an automorphism of Ak (k = 0, 1, . . . , n). Then 
f(v) = v. 
Proof. Since v is the only vertex such that d,+(v, W) c 2”-k for any w E V, we 
have f(v) = v. 0 
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Lemma 3.4. Let f : V+ V be an automorphism of A,Jk = 0, 1, . . . , n - 1). Then 
f r X’ X (0) is an automorphism of Ak r X’ x (0). 
Proof. Since s E X’ x (0) iff there is exactly one path of a length 2”-k between u 
and s, we have f(s) E X’ x (0) iff s E X’ x (0). 0 
Lemma 3.5. Let f : V+ V be an automorphism of A,. Then f 1 X’ x (0) is an 
automorphism of A,, 1 X’ X (0). 
Proof. If N is finite, then 3.1 implies that deg(u, 1) Z= 2”+* + N - 2 > 22n+3 + 2”+*. 
Similarly one can compute deg(u, 2) > 22n+3 + 2”+‘. If N is infinite, then 
deg(u, i) s N for any i > 0. 
Denote by V, = {w E V; deg(w) < N}. One can check that V, GX’ x (0). 
Further denote by V,’ c V the set of all the vertices x satisfying the following 
properties: 
(i) card{y E V,; [x, y] E EC*“‘} = 4, 
(ii) card{ y E V,; [x, y] E EC’“) & deg(y) = 3 . 22n+’ + 5 .2”} = 1. (Actually, Vi is 
the set of all the vertices of a type ((a, e), 2”+’ - l), ((b, e), 2”+’ - 1) resp.) 
Put V,!, = {w E V; [w, x] E Ec2”) for any x E V,‘}, V, = V - VA. One can check 
that VA = X’ X { 1, 2, . . . , 2”+l- l} U {v}, V,= X’ x (0). Obviously, f 1 V, is 
an automorphism and f r Vi is an automorphism. Hence, f 1 V, is an 
automorphism and f (s) E X’ X (0) whenever s E X’ x {0}, •i 
Lemma 3.6. Let f : V+ V be an automorphism of A,,. Then f 1 X’ x (1) is an 
automorphism of A, 1 X’ X {l}. 
Proof. If k E (0, 1, . . . , n - l}, then there is s E X’ X (1) iff there are exactly 
2”-k paths of the length 2”-k between u and s. Hence f(s) E X’ x (1) iff 
sEX’X{l}. 
If k = n then denote by V,‘c V the set of all the vertices x satisfying the 
following properties: 
(i) card{y E V: [x y] E Ec2”‘} = 7 5) ) , 
(ii) card{y E V,; [x, y] E I?(*“) & deg,“(y) = 3.2”+’ + 5 .2”} = 1. 
Put Vi = {w E V; [w, x] E EC*“) for any x E Vf}, V, = VA - Vi. One can check that 
V;=X’x{2,3,...,2”+‘- l} U {v}, V, =X’ X (1). Hence, f 1 Vi is an auto- 
morphism and f(s) E X’ X {l} whenever s E X’ X {l}. 0 
(3.9) If f (u, 0) = (u’, 0) then f (u, 1) = (u’, 1). Using the method of induction 
one can prove that f(u, j) = (u’, j) for j = 1, . . . , 2”+’ - 1. 
(3.8) It follows from Construction 2.3(c) and previous lemmas that Aut Ai = 
AUt(X, Ri, . . . ) R,) for i = 0, 1, . . . , n. Moreover, since [v, s] E EC*“) for any 
SEV, szv, there is [s, s’] E (V, Ec2”“‘) for any s, s’ E V, s Zs’. Hence, 
(V, EC*“+“) = (V, t”+‘E) is complete. q 
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